Let
= ∑ | |≤ ( ) be a linear partial differential operator of degree on ℝ with smooth coefficients ∈ ∞ (ℝ ). Consider the equation = (where and are distributions). A basic problem is: given what can one say about ? Even the simplest have nontrivial nullspaces, so one cannot hope to recover completely from . One often resorts to understanding what sort of properties inherits from . For example, if is smooth, does it follow that is smooth?
Definition. We say is hypoelliptic at 0 ∈ ℝ , if whenever is ∞ on a neighborhood of 0 , then is ∞ on a neighborhood of 0 .
Example 1. On ℝ,
= is hypoelliptic at every point 0 ∈ ℝ. This follows from the fundamental theorem of calculus: ( ) = ∫ 0 ( ) + .
Example 2.
On ℝ 2 with coordinates ( , ), = is not hypoelliptic at any ( 0 , 0 ) ∈ ℝ 2 . Indeed = 0 for any that depends only on , and thus need not be smooth.
We can formulate a more quantitative version of hypoellipticity using Sobolev spaces. There are several difficulties in making this argument precise; once they are overcome, this idea can be used to show that △ is hypoelliptic at every point in ℝ .
Remarkably, the same idea can be used for a wide class of operators that do not have constant coefficients: the elliptic operators. This is one of the most basic applications of pseudodifferential operators, which were introduced by Kohn and Nirenberg and whose properties were studied and applied by Hörmander and many others. Let be elliptic at 0 and fix {0} ≺ . For near 0 , the inverse Fourier transform in (treating as a constant) of , this is the best one could possibly hope for. See [3] for further details and a history of these ideas.
Hypoellipticity becomes more subtle when is not elliptic. Hörmander dealt with the opposite situation.
Definition.
Definition. We say 1 , … , satisfy Hörmander's condition at 0 if the Lie algebra generated by 1 , … , spans the tangent space at 0 .
Hörmander proved that if 1 , … , satisfy this condition at 0 , then ℒ is subelliptic at 0 . ℒ is called the Hörmander sub-Laplacian. A general method of a priori estimates developed by Kohn can be used to show that maximally hypoelliptic operators are subelliptic. Beyond subellipticity, Kohn's method does not give a complete understanding of maximal hypoellipticity, and unlike the case of elliptic operators, the Fourier transform is not a decisive tool. Despite these problems, many of the classical results for ellipticity generalize to the case of maximal hypoellipticity using singular integral operators. This was carried out by many authors, led by E. M. Stein. See [2, Ch. 2] for details and a history of these ideas.
Unfortunately, it can be quite difficult to recognize when a particular operator is maximally hypoelliptic. There is a deep conjecture of Helffer and Nourrigat relating this to representations of nilpotent Lie groups; however this conjecture remains open.
Finally, we mention a delicate phenomenon which is far from being understood: hypoelliptic operators that are not subelliptic. For example, Kohn considered the setting of Hörmander's sub-Laplacian, but with real vector fields replaced by complex vector fields [1] . On ℝ 2 , let = + , = − . Set ℒ = * + ( ) * ; it is easy to see that the complex Lie algebra generated by and spans the complexified tangent space at every point (as in Hörmander's condition). However, Kohn showed that ℒ is not subelliptic for ≥ 1: at the point (0, 0), ℒ satisfies the conditions of Lemma 1 with ( ) = + − 1, and no better. Hence, counterintuitively, ℒ might be more smooth than , despite the fact that ℒ is hypoelliptic. Surprisingly, it is a result of Christ that in ℝ 3 with coordinates ( , , ), the operator ℒ + * is not hypoelliptic at (0, 0, 0). Thus the complex analog of Hörmander sub-Laplacians might be subelliptic, might be hypoelliptic but not subelliptic, or might not be hypoelliptic at all. Besides these and some other intriguing results, many aspects of hypoellipticity without subellipticity remain uncharted territory.
In conclusion, we have: Ellipticity ⇒ Maximal Hypoellipticity ⇒ Subellipticity ⇒ Hypoellipticity, and none of the reverse implications hold.
